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STOCHASTIC COMPLETENESS AND GRADIENT
REPRESENTATIONS FOR SUB-RIEMANNIAN MANIFOLDS
ERLEND GRONG AND ANTON THALMAIER
Abstract. Given a second order partial differential operator L satisfying the
strong Ho¨rmander condition with corresponding heat semigroup Pt, we give
two different stochastic representations of dPtf for a bounded smooth func-
tion f . We show that the first identity can be used to prove infinite lifetime
of a diffusion of 1
2
L, while the second one is used to find an explicit pointwise
bound for the horizontal gradient on a Carnot group. In both cases, the un-
derlying idea is to consider the interplay between sub-Riemannian geometry
and connections compatible with this geometry.
1. Introduction
A Brownian motion on a Riemannian manifold (M, g) is a diffusion process with
infinitesimal generator equal to one-half of the Laplace-Beltrami operator ∆g onM .
If (M, g) is a complete Riemannian manifold, a lower bound for the Ricci curvature
is a sufficient condition for Brownian motion to have infinite lifetime [44]. Stated in
terms of the minimal heat kernel pt(x, y) to
1
2∆g, this means that
∫
M
pt(x, y) dµ(y) =
1 for any (t, x) ∈ (0,∞)×M , where µ = µg is the Riemann volume density. Infinite
lifetime of the Brownian motion is equivalent to uniqueness of solutions to the heat
equation in L∞, see e.g. [22], [26, Section 5]. Furthermore, let Pt denote the min-
imal heat semigroup of 12∆g and let ∇f denote the gradient of a smooth function
with respect to g. Then a lower Ricci bound also guarantees that t 7→ ‖∇Ptf‖L∞(g)
is bounded on any finite interval whenever ∇f is bounded. This fact allows one to
use the Γ2-calculus of Bakry-E´mery, see e.g. [4, 5].
For any second order partial differential operator L onM , let σ(L) ∈ Γ(Sym2 TM)
denote its symbol, i.e. the symmetric, bilinear tensor on the cotangent bundle T ∗M
uniquely determined by the relation
(1.1) σ(L)(df, dφ) =
1
2
(L(fφ)− fLφ− φLf) , f, φ ∈ C∞(M).
If L is elliptic, then σ(L) coincides with the cometric g∗ of some Riemannian metric
g and L can be written as L = ∆g + Z for some vector field Z. Hence, we can use
the geometry of g along with the vector field Z to study the properties of the heat
flow of L, see e.g. [43]. If σ(L) is only positive semi-definite we can still associate
a geometric structure known as a sub-Riemannian structure. Recently, several
results have appeared linking sub-Riemannian geometric invariants to properties of
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diffusions of corresponding second order operators and their heat semigroup, see
[7, 9, 11, 23, 24]. These results are based on a generalization of the Γ2-calculus for
sub-Riemannian manifolds, first introduced in [10]. As in the Riemannian case, the
preliminary requirements for using this Γ2-calculus is that the diffusion of L has
infinite lifetime and that the gradient of a function does not become unbounded
under the application of the heat semigroup.
Consider the following example of an operator L with positive semi-definite sym-
bol. Let (M, g) be a complete Riemannian manifold with a foliation F correspond-
ing to an integrable distribution V . Let H be the orthogonal complement of V with
corresponding orthogonal projection prH and define a second order operator L onM
by
(1.2) Lf = div (prH ∇f), f ∈ C∞(M).
If H satisfies the bracket-generating condition, meaning that the sections of H
along with their iterated brackets span the entire tangent bundle, then L is a hypoel-
liptic operator by Ho¨rmander’s classical theorem [28]. The operator L corresponds
to the sub-Riemannian metric gH = g|H . Let us make the additional assumption
that leaves of the foliation are totally geodesic submanifolds of M and that the
foliation is Riemannian. If only the first order brackets are needed to span the en-
tire tangent bundle, it is known that any 12L-diffusion Xt has infinite lifetime given
certain curvature bounds [24, Theorem 3.4]. Furthermore, if H satisfies the Yang-
Mills condition, then no assumption on the number of brackets needed to span the
tangent bundle is necessary [11, Section 4], see Remark 3.15 for the definition of
the Yang-Mills condition. Under the same restrictions, for any smooth function f
with bounded gradient, t 7→ ‖∇Ptf‖L∞(g) remains bounded on a finite interval.
We will show how to modify the argument in [11] to go beyond the requirement
of the Yang-Mills condition and even beyond foliations. We will start with some
preliminaries on sub-Riemannian manifolds and sub-Laplacians in Section 2. In
Section 3.1 we will show that the existence of a Weitzenbo¨ck-type formula for a
connection sub-Laplacian is always corresponds to adjoint of a connection compat-
ible with a sub-Riemannian structure. Our results on infinite lifetime are presented
in Section 3.3 based on a Feynman-Kac representation of dPtf using a particular
adjoint of a compatible connection. Using recent results of [17], we also show that
our curvature requirement in the case of totally geodesic foliations implies that the
Brownian motion of the full Riemannian metric g has infinite lifetime as well, see
Section 3.7.
Our Feynman-Kac representation in Section 3.3 uses parallel transport with re-
spect to a connection that does not preserve the horizontal bundle. We give an
alternative stochastic representation if dPtf using parallel transport along a con-
nection that preserves our sub-Riemannian structure in Section 4.1. This rewritten
representation allows us to give an explicit pointwise bound for the horizontal gra-
dient in Carnot groups. For a smooth function f on M , the horizontal gradient
∇Hf is defined by the condition that α(∇Hf) = σ(L)(df, α) for any α ∈ T ∗M .
Carnot groups are the ‘flat model spaces’ in sub-Riemannian geometry in the sense
that their role is similar to that of Euclidean spaces in Riemannian geometry. See
Section 4.3 for the definition. It is known that there exists pointwise bounds for the
horizontal gradient on Carnot groups. From [31], there exists constants Cp such
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that
(1.3) |∇HPtf |gH ≤ Cp
(
Pt|∇Hf |pgH
)1/p
, p ∈ (1,∞),
holds pointwise for any t > 0. The constant Cp has to be strictly larger than 1,
see [15]. We give explicit constants the gradient estimates on Carnot groups. This
result improves on the constant found in [3] for the special case of the Heisenberg
group. Also, for p > 2 we find a constant that does not depend on the heat kernel.
Appendix A deals with Feynman-Kac representations of semigroups whose gen-
erators are not necessarily self-adjoint, which is needed for the result in Section 3.3.
2. Sub-Riemannian manifolds and sub-Laplacians
2.1. Sub-Riemannian manifolds. We define a sub-Riemannian manifold as a
triple (M,H, gH) where M is a connected manifold, H ⊆ TM is a subbundle of
the tangent bundle and gH is a metric tensor defined only on H . Such a structure
induces a map ♯H : T ∗M → H ⊆ TM by the formula
(2.1) α(v) = gH(♯
Hα, v) =: 〈♯Hα, v〉gH α ∈ TxM, v ∈ Hx, x ∈M.
The kernel of this map is the subbundle Ann(H) ⊆ T ∗M of covectors vanishing
on H . This map ♯H induces a cometric g∗H on T
∗M by the formula
(2.2) 〈α, β〉g∗
H
= 〈♯Hα, ♯Hβ〉gH ,
which is degenerate unless H = TM . Conversely, a given cometric g∗H degenerating
along a subbundle of T ∗M , we can define ♯Hα = g∗H(α, ·) and use (2.2) to obtain gH .
Going forward, we will refer to g∗H and (H, gH) interchangeably as a sub-Riemannian
structure on M . We will call H the horizontal bundle. For the rest of the paper, n
is the rank of H while n+ ν denotes the dimension of M .
Let µ be a chosen smooth volume density with corresponding divergence divµ.
Relative to µ, we can define a second order operator
(2.3) ∆Hf := ∆gH f = divµ ♯
Hdf.
By means of definition (1.1), the symbol of ∆H satisfies σ(∆H) = g
∗
H . Locally the
operator ∆H can be written as
∆Hf =
n∑
i=1
A2i f +A0f, n = rankH,
where A0, A1, . . . , An are vector fields taking values in H such that A1, . . . , An form
a local orthonormal basis of H .
The horizontal bundle H is called bracket-generating if the sections of H along
with its iterated brackets span the entire tangent bundle. The horizontal bundle is
said to have step k at x if k − 1 is the minimal order of iterated brackets needed
to span TxM . From the local expression of ∆H , it follows that H is bracket-
generating if and only if ∆H satisfies the strong Ho¨rmander condition [28]. We shall
assume that this condition indeed holds, giving us that both ∆H and
1
2∆H −∂t are
hypoelliptic and that
(2.4) dgH (x, y) := sup {|f(x)− f(y)| : f ∈ C∞c (M), σ(∆H)(df, df) ≤ 1} ,
is a well defined distance on M . Here, and in the rest of the paper, C∞c (M) de-
notes the smooth, compactly supported functions onM . Alternatively, the distance
dgH (x, y) can be realized as the infimum of the lengths of all absolutely continuous
4 E. GRONG, A. THALMAIER
curves tangent to H and connecting x and y. The bracket-generating condition
ensures that such curves always exist between any pair of points. For more infor-
mation on sub-Riemannian manifolds, we refer to [33].
In what follows, we will always assume that H is bracket-generating, unless
otherwise stated explicitly. We note that if ∆H satisfies the strong Ho¨rmander
condition and if dgH is a complete metric, then ∆H |C∞c (M) is essentially self-
adjoint by [38, Chapter 12].
For the remainder of the paper, we make the following notational conventions. If
p : E →M is a vector bundle, we denote by Γ(E) the space of smooth sections of E.
If E is equipped with a connection ∇ or a (possibly degenerate) metric tensor g, we
denote the induced connections on E∗,
∧2
E, etc. by the same symbol, while the
induced metric tensors are denoted by g∗, ∧2g, etc. For elements e1, e2, we write
g(e1, e2) = 〈e1, e2〉g and |e1|g = 〈e1, e1〉1/2g even in the cases when g is only positive
semi-definite. If µ is a chosen volume density on M and f is a function on M , we
write ‖f‖Lp for the corresponding Lp-norm with the volume density being implicit.
If Z ∈ Γ(E) then ‖Z‖Lp(g) := ‖|Z|g‖Lp .
For x ∈ M , if A ∈ EndTxM is an endomorphism, we will let A ⊺ ∈ EndT ∗xM
denote its transpose. If g has a Riemannian metric, then A ∗ ∈ EndT ∗xM denotes
its dual. In other words,
〈A v, w〉g = 〈v,A ∗w〉g , (A ⊺α)(v) = α(A v), α ∈ T ∗xM, v,w ∈ TxM.
The same conventions apply for endomorphisms of T ∗M . If A is a differential
operator, then A ∗ is defined with respect to the L2-inner product of g.
2.2. Taming metrics. Given a sub-Riemannian manifold (M,H, gH), a Riemann-
ian metric g on M is said to tame gH if g|H = gH . If dg is the corresponding Rie-
mannian distance, then dg(x, y) ≤ dgH (x, y) for any x, y ∈M , since curves tangent
to H have equal length with respect to both metrics, while dg considers the infimum
of the lengths over curves that are not tangent to H as well. It follows that if dg is
complete, then dgH is a complete metric as well, as observed in [38, Theorem 7]. By
[37, Theorem 2.4], if g is a complete Riemannian metric taming gH , then the sub-
Laplacian ∆H with respect to the volume density of g and the Laplace-Beltrami
operator ∆g are both essentially self adjoint on C
∞
c (M).
We then denote the corresponding orthogonal projection to H by prH . Let
♭ : TM → T ∗M be the vector bundle isomorphism v 7→ 〈v, ·〉g with inverse ♯. The
fact that g tames gH is equivalent to the statement ♯
H = prH ♯. Let V denote the
orthogonal complement of H with corresponding projection. The curvature R and
the cocurvature R¯ of H with respect to the complement V are defined as
(2.5) R(A,Z) = prV [prH A, prH Z], R¯(A,Z) = prH [prV A, prV Z],
for A,Z ∈ Γ(TM). By definition, R and R¯ are vector-valued two-forms, and R¯
vanishes if and only if V is integrable. The curvature and the cocurvature only
depend on the direct sum TM = H ⊕ V and not the metrics gH or g.
2.3. Connections compatible with the metric. Let ∇ be an affine connec-
tion on TM . We say that ∇ is compatible with the sub-Riemannian structure
(H, gH) or g
∗
H if ∇g∗H = 0. This condition is equivalent to requiring that ∇ pre-
serves the horizontal bundle H under parallel transport and that Z〈A1, A2〉gH =
〈∇ZA1, A2〉gH + 〈A1,∇ZA2〉gH for any Z ∈ Γ(TM), A1, A2 ∈ Γ(H). For any sub-
Riemannian manifold (M,H, gH), the set of compatible connections is non-empty.
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Let g˜ be any Riemannian metric on M and define V as the orthogonal complement
to H . Let prH and prV be the corresponding orthonormal projections. Define
g = pr∗H gH + pr
∗
V g˜|V.
Then g is a metric taming gH . Let ∇g be the Levi-Civita connection of g and define
finally
(2.6) ∇0 := prH ∇g prH +prV ∇g prV .
The connection ∇0 will be compatible with g∗H and also with g.
2.4. Rough sub-Laplacians. In this section, we will introduce rough sub-Laplacians
and compare them to the sub-Laplacian as defined in (2.3). Let g∗H ∈ Γ(Sym2 TM)
be a sub-Riemannian structure onM with horizontal bundle H . For any two-tensor
ξ ∈ Γ(T ∗M⊗2) we write trH ξ(×,×) := ξ(g∗H). We use this notation since for any
x ∈M and any orthonormal basis v1, . . . , vn of Hx
trH ζ(x)(×,×) =
n∑
i=1
ζ(x)(vi, vi).
For any affine connection ∇ on TM , define the Hessian ∇2 by
∇2A,B = ∇A∇B −∇∇AB.
We define the rough sub-Laplacian L(∇) as L(∇) = trH ∇2×,×. Since ∇ induces
a connection on all tensor bundles, L(∇) is defines as an operator on tensors in
general. We have the following result.
Lemma 2.1. (a) Let µ be a volume density onM with corresponding sub-Laplacian
∆H . Assume that H is a proper subbundle in TM . Then there exists some con-
nection ∇ compatible with g∗H and satisfying L(∇)f = ∆Hf .
(b) Let g be a Riemannian metric taming gM and with volume form µ. Let ∇ be
a connection compatible with both g∗H and g. Let T
∇ be the torsion of ∇ and
define the one-from β by
β(v) = trT∇(v, ·).
Then the dual of L = L(∇) on tensors is given by
L∗ = L− 2∇♯Hβ − divµ ♯Hβ = L+ (∇♯Hβ)∗ −∇♯Hβ .
In particular, Lf = ∆Hf + 〈β, df〉g∗
H
for any f ∈ C∞(M).
Proof. (a) If H is properly contained in TM , then there is some Riemannian metric
g such that g|H = gH and such that µ is the volume form g. Define ∇0 as
in (2.6) and for any endomorphism valued one-form κ ∈ Γ(T ∗M ⊗ EndT ∗M),
define a connection ∇κv = ∇0v + κ(v). The connection ∇κ is compatible with
∇0 if and only if
(2.7) 〈κ(v)α, α〉g∗
H
= 0, v ∈ TM,α ∈ T ∗M.
Furthermore, L(∇κ) = L(∇0)f + (trH κ(×)⊺×)f .
Define Z = ∆H −L(∇0). We want to show that there is an endomorphism-
valued one-form κ such that trH κ(×)⊺× = Z and such that (2.7) holds. By a
partition of unity argument, it is sufficient to consider Z as defined on a small
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enough neighborhood U such that both TM and H are trivial. Let η be any
one-form on U such that
〈η, β〉g∗
H
= 1, η(Z) = 0.
Let ζ be a one-form such that ♯Hζ = Z. Define κ by
κ(v)α = η(v)
(
α(Z)η − α(♯Hη)ζ).
This one-from κ has the desired properties.
(b) For any connection ∇ preserving the Riemannian metric g, we have
(2.8) divµ Z =
n∑
i=1
〈∇AiZ,Ai〉g +
ν∑
s=1
〈∇ZsZ,Zs〉g − β(Z),
with respect to local orthonormal bases A1, . . . , An and Z1, . . . , Zν of respec-
tively H and V .
For any pair of vector fields A and B consider an operator F (A ⊗ B) =
♭A⊗∇B on tensors with dual
F (A⊗B)∗ = −ι(divB)A − ι∇BA − ιA∇B.
Extend F to arbitrary sections of TM⊗2 by C∞(M)-linearity. Consider the
operator F (g∗H). Since ∇ preserves H , its orthogonal complement V and their
metrics, around any point x we can find local orthonormal bases A1, . . . , An and
Z1, . . . , Zν of respectively H and V that are parallel at any arbitrary point x.
Hence, in any local orthonormal basis
F (g∗H)
∗ = ι♯Hβ −
n∑
i=1
ιAi∇Ai ,
and so
F (g∗H)
∗F (g∗H) = −L+∇♯Hβ = −L∗ +
(∇♯Hβ)∗ . 
Remark 2.2. As a result of the proof of Lemma 2.1, we actually know that all
second order operators on the form L(∇0) + Z for some Z ∈ Γ(H) is given as the
rough sub-Laplacian of some connection compatible with the metric gH .
3. Adjoint connections and infinite lifetime
3.1. A Weitzenbo¨ck formula for sub-Laplacians. In the case of Riemann-
ian geometry gH = g, one of the central identities involving the rough Lapla-
cian of the Levi-Civita connection L(∇g) is the Weitzenbo¨ck formula L(∇g)df =
Ricg(♯df, ·)+ dL(∇g)f = Ricg(♯df, ·)+ d∆gf . A similar formula can be introduced
in sub-Riemannian geometry, as was observed in [19] using the concept of adjoint
connections. Adjoint connections was first considered in [14].
If ∇ is a connection on TM with torsion T∇, then its adjoint ∇ˆ is defined by
∇ˆAB = ∇AB − T∇(A,B).
for any A,B ∈ Γ(TM). We remark that −T∇ is the torsion of ∇ˆ, so ∇ is the
adjoint of ∇ˆ.
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Proposition 3.1 (Sub-Riemannian Weitzenbo¨ck formula). Let L be any rough sub-
Laplacian of an affine connection. Then there exists a vector bundle endomorphism
A : T ∗M → T ∗M such that for any f ∈ C∞(M),
(3.1) (L −A )df = dLf
if and only if L = L(∇ˆ) for some adjoint ∇ˆ of a connection ∇ that is compatible
with g∗H . In this case, A = Ric(∇), where
(3.2) Ric(∇)(α)(v) := trH R∇(×, v)α(×).
We note that bracket-generating assumption is not necessary for this result.
Remark 3.2. (i) Let ∇ be a connection satisfying ∇g∗H = 0 and let ∇ˆ be its
adjoint. By [21, Proposition 2.1] any smooth curve γ in M is a normal sub-
Riemannian geodesic if and only if there is a one-form λ(t) along γ(t) such
that
♯Hλ(t) = γ˙(t), and ∇ˆγ˙λ(t) = 0.
See the reference for the definition of normal geodesic. In this sense, adjoints
of compatible connections occur naturally in sub-Riemannian geometry.
(ii) A Weitzenbo¨ck formula in the sub-Riemannian case first appeared in [19,
Chapter 2.4]. See also [18]. This formulation assumes that the connection
∇ can be represented as a Le Jan-Watanabe connection. For definition and
the proof of the fact that all connections on a vector bundle compatible with
some metric there are of this type, see [19, Chapter 1]. We will do the proof of
Proposition 3.1 without this assumption, in order to obtain an equivalence be-
tween existence of a Weitzenbo¨ck formula and being an adjoint of a compatible
connection.
Before continuing with the proof, we will need the next lemma.
Lemma 3.3. Let ∇ be an affine connection with adjoint ∇ˆ. Assume that ∇ is
compatible with g∗H and denote L = L(∇), Ric = Ric(∇) and Lˆ = L(∇ˆ). For any
endomorphism-valued one-form κ ∈ Γ(T ∗M ⊗ EndT ∗M) let ∇κ be the connection
(3.3) ∇κv := ∇v + κ(v), v ∈ TM.
(a) If the horizontal bundle H is a proper subbundle of TM , but bracket-generating,
then the connection ∇ˆ does not preserve H under parallel transport.
(b) Define Lκ = L(∇κ). Then
Lκ = L+∇Zκ + 2Dκ + κ(Zκ) + trH(∇×κ)(×) + trH κ(×)κ(×)
where Zκ = trH κ(×)⊺× and Dκ = trH κ(×)∇×. In particular, for any function
f ∈ C∞(M),
Lκf = Lf + Zκf and Lˆf = Lf.
(c) The adjoint ∇ˆκ of ∇κ is given by ∇ˆκv = ∇ˆv + κˆ(v) where
(κˆ(v)α)(w) := (κ(w)α)(v), for v, w ∈ TM, α ∈ T ∗M.
In particular, if ∇κ is compatible with g∗H then κˆ(♯Hα)α = 0 for any α ∈ T ∗M .
Proof. (a) Let A,B ∈ Γ(H) be any two vector fields such that [A,B] is not con-
tained in H . Observe that ∇ˆAB = ∇BA+ [A,B] then cannot be contained in
H either.
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(b) This follows by direct computation: for any local orthonormal basis A1, . . . , An
of H , we have
Lκ =
n∑
i=1
(∇Ai + κ(Ai)) (∇Ai + κ(Ai))
−
n∑
i=1
(
∇∇AiAi−κ(Ai)⊺Ai + κ(∇AiAi − κ(Ai)
⊺
Ai)
)
=
n∑
i=1
∇Ai∇Ai +
n∑
i=1
∇Aiκ(Ai) +
n∑
i=1
κ(Ai)∇Ai +
n∑
i=1
κ(Ai)κ(Ai)
+∇Zκ + κ(Zκ)−
n∑
i=1
(∇∇AiAi + κ(∇AiAi))
= L+ 2 trH κ(×)∇× + trH(∇×κ)(×) + trH κ(×)κ(×) +∇κZκ + κ(Zκ).
(c) Follows from the definition and (2.7) 
Proof of Proposition 3.1. Notice that ιA∇Bdf = ιB∇ˆAdf . Since ∇ is compatible
with g∗H , for any x ∈ M there is a local orthonormal basis A1, . . . , An of H such
that ∇Aj(x) = 0. Hence, for an arbitrary vector field Z ∈ Γ(TM), with the terms
below evaluated at x ∈M implicitly,
ιZdL(∇ˆ)f = ιZdL(∇)f = Z
n∑
i=1
∇Aidf(Ai) =
n∑
i=1
∇Z∇Aidf(Ai)
=
n∑
i=1
ιAiR
∇(Z,Ai)df +
n∑
i=1
∇Ai∇Zdf(Ai) +∇[Z,Ai]df(Ai)
= −Ric(df)(Z) +
n∑
i=1
Ai∇Zdf(Ai)−∇∇ˆAiZdf(Ai)
= −Ric(df)(Z) +
n∑
i=1
Ai∇ˆAidf(Z)− ∇ˆAidf(∇ˆAiZ)
= ιZ(−Ric(df) + L(∇ˆ)df).
Since x was arbitrary, it follows that L(∇ˆ) satisfies (3.1).
Conversely, suppose that L = L(∇′) is an arbitrary rough Laplacian of ∇′.
Let ∇ be an arbitrary connection compatible with g∗H and define κ such that
∇′v = ∇ˆκv = ∇ˆv + κˆ(v), where ∇κ is defined as in (3.3). Introduce vector field
Z = trH κˆ(×)⊺× and first order operator D = trH κˆ(×)∇×. Using item (b)
of Lemma 3.3, modulo zero order operators applied to df , Ldf − dLf equals
−dZf +∇Zdf +2Ddf . Furthermore, −dZf +∇Zdf = (∇Z −LZ)df and (∇Z −LZ)
is a zero order operator. Hence, it follows that (3.1) holds if and only if Ddf = C df
for some zero order operator C and any f ∈ C∞(M).
Let A1, . . . , An be a local orthonormal basis of H and complete this basis to a
full basis of TM with vector fields Z1, . . . , Zν . Let A
∗
1, . . . , A
∗
n, Z
∗
1 , . . . , Z
∗
ν be the
corresponding coframe. Observe that Z∗1 , . . . , Z
∗
ν is a basis for Ann(H). For any
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B ∈ Γ(TM) and f ∈ C∞(M),
(Ddf)(B) =
n∑
i,k=1
(κˆ(Ai)A
∗
k(B)) ∇ˆAidf(Ak) +
n∑
i=1
ν∑
s=1
(κˆ(Ai)Z
∗
s (B)) ∇ˆAidf(Zs).
In order for this to correspond to a zero order operator, we must have κˆ(Ai)Z
∗
s = 0
and κˆ(Ai)(A
∗
k) = −κˆ(Ak)(A∗i ) which is equivalent to κˆ(♯Hα)α = 0 for any α ∈
T ∗M . Hence, ∇ˆκ is the adjoint of a connection compatible with g∗H . 
3.2. Connections with skew-symmetric torsion. For the sub-Riemannian man-
ifold (M,H, gH) with H strictly contained in TM , there exists no torsion-free con-
nection which is compatible with the metric. Indeed, if ∇ is a connection pre-
serving H , then the equality ∇AB −∇BA = [A,B] would imply that H could be
bracket-generating only if H = TM . For this reason, it has been difficult to find a
direct analogue of the Levi-Civita connection in sub-Riemannian geometry.
For a Riemannian metric g, the only connections with the same geodesics as
the Levi-Civita connection, are the compatible connections with skew-symmetric
torsion. These connections ∇ compatible with g such that
ζ(v1, v2, v3) := −〈T∇(v1, v2), v3〉g, v1, v2, v3 ∈ TM,
is a well defined three-form. The connection ∇ is then given by formula ∇AB =
∇gAB − 12 ♯ιA∧Bζ. Equivalently, the connection ∇ is compatible with g and of
skew-symmetric torsion if and only if we have both ∇g = 0 and ∇ˆg = 0. By
Lemma 3.3 (a) we cannot have both ∇ and ∇ˆ being compatible with g∗H isn the
proper sub-Riemannian case. In some cases, however, we have the following gener-
alization.
Let (M,H, gH) be a sub-Riemannian manifold with taming Riemannian metric g
and V = H⊥. Let LA denote the Lie derivative with respect to the vector field A.
Introduce a vector-valued symmetric bilinear tensor II by the formula
(3.4) 〈II (A,A), Z〉g = −1
2
(LprV Zg)(prH A, prH A)−
1
2
(LprH Zg)(prV A, prV A)
for any A,Z ∈ Γ(TM). Observe that II = 0 is equivalent to the assumption
(3.5) (LAg)(Z,Z) = 0, (LZg)(A,A) = 0,
for any A ∈ Γ(H) and Z ∈ Γ(V ).
Proposition 3.4. Let ∇ be a connection compatible with g∗H and with adjoint ∇ˆ.
Assume that there exists a Riemannian metric g taming gH such that ∇ˆg = 0.
Then II = 0. Furthermore, if ∆H is defined relative to the volume density of g,
then (
L(∇ˆ)− Ric(∇)
)
df = dL(∇ˆ)f = dL(∇)f = d∆Hf, f ∈ C∞(M).
Conversely, suppose that g is a Riemannian metric taming gH and satisfying
II = 0. Define R and R¯ as in (2.5) and introduce a three-form ζ by
(3.6) ζ(v1, v2, v3) = 〈R(v1, v2), v3〉g+  〈R¯(v1, v2), v3〉g,
with  denoting the cyclic sum. Then the connection
(3.7) ∇AB = ∇gAB −
1
2
♯ιA∧Bζ
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is a connection compatible with g∗H and both it and its adjoint ∇ˆAB = ∇gAB +
1
2 ♯ιA∧Bζ is compatible with ∇ˆg = 0.
Furthermore, among all such possible choices of connections, ∇ gives the maxi-
mal value with regard to the lower bound of α 7→ 〈Ric(∇)α, α〉g∗
H
.
Remark 3.5. (i) Analogy to the Levi-Civita connection: Applying Proportion 3.4
to the case when gH = g is a Riemannian metric, the Levi-Civita connection
can be described as the connection such that both ∇ and ∇ˆ are compatible
with g and that also maximizes the lower bound α 7→ 〈Ric(∇)α, α〉g∗ whitch
was observed in [19, Corollary C.7]. In this sense, the connection in (3.7) is
analogous to the Levi-Civita connection.
(ii) Existence and uniqueness for a Riemannian metrics g taming gH and satis-
fying (3.5): Every such Riemannian metric g is uniquely determined by the
orthogonal complement V of H and its value at one point [23, Remark 3.10].
Conversely, suppose that (M,H, gH) is a sub-Riemannian manifold and let V
be a subbundle such that TM = H ⊕ V . Then one can use horizontal holo-
nomy to determine if there exists a Riemannian metric g taming gH , satisfying
(3.5) and making H and V orthogonal. See [13] for more details and exam-
ples where no such metric can be found. Two Riemannian metrics g1 and g2
may tame gH , satisfy (3.5) and have the same volume density, but their or-
thogonal complements of H may be different, see [23, Example 4.6] and [13,
Example 4.2].
(iii) Geometric interpretation of (3.5): From [21], the condition (3.5) holds if
and only if the Riemannian and the sub-Riemannian geodesic flow commute.
See also Section 3.7 for more relations to geometry and explanation of the
notation II for the tensor in (3.4).
(iv) If we define ∇ as in (3.7) and assume R¯ = 0, then its adjoint ∇ˆ equals the
connection ∇ε in [6] with ε = 12 .
Proof. Let ∇g be the Levi-Civita connection of g. Define the connection ∇0 as in
(2.6) which is compatible with both g∗H and the Riemannian metric g. Let T be
the torsion of ∇0. Define R and R¯ as in (2.5). Write TZ for the vector valued form
TZ(A) = T (Z,A) and use similar notation for R, R¯ and II . By the definition of
the Levi-Civita connection, we have
TZ = −RZ + 1
2
R∗Z − R¯Z +
1
2
R¯∗Z + II ∗Z − II ∗· Z −
1
2
R∗· Z −
1
2
R¯∗· Z,
with dual
T ∗Z = −R∗Z +
1
2
RZ − R¯∗Z +
1
2
R¯Z + IIZ − II ∗· Z +
1
2
R∗· Z +
1
2
R¯∗· Z,
Hence, if we introduce T sZ :=
1
2 (TZ + T
∗
Z) then
2T sZ = −
1
2
(RZ +R∗Z)−
1
2
(R¯Z + R¯∗Z) + (II ∗Z + IIZ)− 2 II ∗· Z.
Let ∇′ be a connection compatible with gH . Define an EndT ∗M -valued one-
from κ such that ∇′v = ∇κv = ∇0v + κ(v), and let ∇ˆ′v = ∇ˆ0v + κˆ(v) be its adjoint.
Define
κˆs(Z) =
1
2
(κˆ(Z) + κˆ(Z)∗) , κˆa(Z) =
1
2
(κˆ(Z)− κˆ(Z)∗) .
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In order for the adjoint to be compatible with g, we must have
(∇ˆκZg)(A,A) = 2〈(TZ + κˆ(Z)⊺)A,A〉g = 0,
giving us the requirement κˆs(Z)⊺ = −T sZ . However, since ∇κ is compatible with
gH , we also have κˆ(♯
Hα)α = 0 by Lemma 3.3. The latter condition is equivalent to
κˆ(A)⊺∗(A+B) = 0 for any A ∈ Γ(H) and B ∈ Γ(V ). This means that
0 = 〈κˆ(A)⊺∗(A+B), A+B〉g = 〈κˆs(A)⊺(A+B), A+B〉g
= −〈T sA(A+B), A+B〉g = −〈II (A,A), B〉g + 〈A, II (B,B)〉g .
This holds for any A ∈ Γ(H) and B ∈ Γ(V ) if and only if II = 0. It follows that
4κˆs(Z)⊺ = RZ +R∗Z + R¯Z + R¯∗Z .
For the anti-symmetric part,
0 = −4κˆ(A)⊺∗(A+B) = 4κˆa(A)⊺(A+B)− 4κˆs(A)⊺(A+B)
= 4κˆa(A)
⊺
(A+B)−R∗AB
for any A ∈ Γ(H), B ∈ Γ(V ). This relation and anti-symmetry gives us
κˆa(Z)
⊺
(A+B) = κˆa(prV Z)(A+B)−
1
4
(RZ −R∗Z)(A +B) + ♯ιZ∧Aβ,
where β is a three-form vanishing on V .
In conclusion, for any Z1, Z2 ∈ Γ(TM),
∇κZ1Z2 = ∇0Z1Z2 − κˆ(Z2)
⊺
(Z1)
= ∇0Z1Z2 −
1
4
(2R∗Z2 + R¯Z2 + R¯∗Z2)Z1 + κˆa(prV Z2)(Z1) + ♯ιZ1∧Z2β.
Furthermore, since
∇0Z = ∇gZ +
1
2
TZ − 1
2
T ∗Z −
1
2
T ∗Z
= ∇gZ +
1
2
(
−RZ + 1
2
R∗Z − R¯Z +
1
2
R¯∗Z −
1
2
R∗· Z −
1
2
R¯∗· Z
)
− 1
2
(
−R∗Z +
1
2
RZ − R¯∗Z +
1
2
R¯Z + 1
2
R∗· Z +
1
2
R¯∗· Z
)
− 1
2
(
−R∗· Z −
1
2
RZ − R¯∗· Z −
1
2
R¯Z + 1
2
R∗Z +
1
2
R¯∗Z
)
= ∇gZ +
1
2
(−RZ +R∗Z − R¯Z + R¯∗Z) ,
we get
∇κZ = ∇gZ+
1
2
(−RZ +R∗Z − R¯Z + R¯∗Z −R∗Z1 − R¯∗Z1)Z2+λ(Z2)Z1+♯H ιZ1∧Z2β
where λ(Z)A = 14 (R¯Z − R¯∗Z)A− κˆa(prV Z)A.
In conclusion, if ∇′ and ∇ˆ′ are compatible with g∗H and g respectively, and ∇ is
defined as in (3.7), then II = 0 and
(3.8) ∇′Z1Z2 = ∇λ,βZ1 Z2 := ∇Z1Z2 + λ(Z2)Z1 + ♯HιZ1∧Z2β,
for some three-form β vanishing on V and some EndTM -valued one-form λ van-
ishing on H and satisfying λ(v)∗ = −λ(v), v ∈ TM . It is simple to verify that
trT∇
λ,β
(v, · ) = 0 for any v ∈ H , and hence L(∇′)f = L(∇ˆ′)f = ∆Hf by
Lemma 2.1.
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All that remains to be proven is that
〈α,Ric(∇λ,β)α〉g∗
H
≤ 〈α,Ric(∇)α〉g∗
H
.
If ∇β = ∇0,β then Lˆβ := L(∇ˆβ) = L(∇ˆλ,β) since λ vanishes on H . If we define
Lˆ = L(∇ˆ), then for any smooth function f and local orthonormal basis A1, . . . , An
of H ,
Lˆβdf(Z) = Lˆdf(Z) + 2
n∑
i=1
∇ˆAidf(♯ιAi∧Zβ)
+
n∑
i=1
df(♯ιAi∧Z(∇ˆAiβ)) +
n∑
i=1
df(♯Ai∧♯ιAi∧Zββ)
= Lˆdf(Z) +
n∑
i=1
df(T∇(Ai, ♯ιAi∧Zβ)) +
n∑
i=1
(∇ˆAiβ)(♯df,Ai, Z)− 2〈ι♯dfβ, ιZβ〉∧2g∗H
= Lˆdf(Z) + 2〈ιRdf, ιZβ〉∧2g∗H − trH(∇ˆ×β)(×, ♯df, Z)− 2〈ι♯dfβ, ιZβ〉∧2g∗H .
We use that
〈(Lˆβ − Lˆ)df, α〉g = 〈(Ric(∇β)− Ric(∇))df, α〉g = 〈(Ric(∇λ,β)− Ric(∇))df, α〉g .
As a consequence, for any α ∈ T ∗M ,
〈α,Ric(∇λ,β)α〉g∗ = 〈α,Ric(∇)α〉g∗ + 2〈ιRα, ι♯αβ〉∧2g∗H − 2〈ι♯αβ, ι♯αβ〉∧2g∗H .
Denoting αH = pr
∗
H α, we get
〈α,Ric(∇λ,β)α〉g∗
H
= 〈αH ,Ric(∇)αH〉g∗ − 2|ι♯αHβ|2∧2g∗H .
The result follows. 
3.3. Infinite lifetime of the sub-Riemannian Laplacian. Assume now that
the taming g is a complete Riemannian metric. Then both the sub-Laplacian ∆H
of µ = µg and the Laplacian ∆g are essentially self-adjoint on compactly supported
functions. We denote their unique self-adjoint extension by the same symbol.
Let ∇ be a connection compatible with g∗H and let Xt(·) be the stochastic flow
of 12L(∇) with explosion time τ(·). For any x ∈ M , let //t = //t(x) : TxM →
TXt(x)M be parallel transport along Xt(x) with respect to ∇. Using arguments
similar to [23, Section 2.5], we know that the anti-development Wt(x) at x deter-
mined by
dWt(x) = //
−1
t ◦ dXt(x), Wt(0) = 0 ∈ TxM,
is a Brownian motion in the inner product space (Hx, 〈· , ·〉gH (x)) with lifetime τ(x).
Consider the semigroup Pt on bounded Borel measurable functions corresponding
to Xt(·)
Ptf(x) = E[1t<τ(x)f(Xt(x))].
We want to make statements regarding the explosion time τ(·) using connec-
tions that are compatible with g∗H . Let C
∞
b (M) denote the space of smooth
bounded functions. For vector bundle endomorphism A of T ∗M write A//t(x) =
//−1t A (Xt(x))//t and let /ˆ/t denote the parallel transport along Xt with respect
to ∇ˆ.
We make the following two assumptions
(A) If II is defined as in (3.4), then II = 0.
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(B) Consider the two-form C ∈ Γ(∧2 T ∗M) defined by
(3.9) C(v, w) = tr R¯(v,R(w, ·))− tr R¯(w,R(v, ·)), v, w ∈ TM.
Suppose that δC = 0 where δ is the codifferential with respect to g.
(C) Let ∇ be defined as in (3.7). Assume that here exists a constant K ≥ 0 such
that for Ric = Ric(∇),
〈Ricα, α〉g∗ ≥ −K|α|2g∗ .
Theorem 3.6. Assume that (A), (B) and (C) hold. Then we have the following
results.
(a) ∆g and ∆H spectrally commute.
(b) τ(x) =∞ a.s. for any x ∈M .
(c) Define Qˆt = Qˆt(x) ∈ EndT ∗xM as solution to the ordinary differential equation
d
dt
Qˆt = −1
2
QˆtRic/ˆ/t , Qˆ0 = id .
Then, for any f ∈ C∞b (M) with ‖df‖L∞(g∗) <∞, we have
dPtf(x) = E[Qˆt/ˆ/
−1
t df(Xt(x))]
and
‖dPtf‖L∞(g∗) ≤ eKt‖df‖L∞(g∗).
In particular,
sup
t∈[0,t1]
‖dPtf‖L∞(g∗) ≤ eKt1‖df‖L∞(g∗) <∞
whenever ‖df‖L∞(g∗) <∞.
Remark that since ∇ preserves H under parallel transport, and hence also
Ann(H), we have Ricα = 0 for any α ∈ Ann(H). For this reason it is not possible
to have a positive lower bound of 〈Ricα, α〉g∗ unless H = TM . The results of
Theorem 3.6 appear as necessary conditions for the Γ2-calculus on sub-Riemannian
manifolds, see e.g. [10, 11, 24] . We will use the remainder of this section to prove
this statement.
3.4. Anti-symmetric part of Ricci curvature. Let ζ and ∇ be as in (3.6) and
(3.7). The operator Ric(∇) is not in general symmetric. We consider the anti-
symmetric part. Define Ric = Ric(∇) and
(3.10) Rics =
1
2
(Ric+Ric∗) , Rica =
1
2
(Ric−Ric∗) .
Lemma 3.7. For any α, β ∈ T ∗M ,
2〈Rica α, β〉g∗ = trH(∇×ζ)(×, ♯α, ♯β).
In particular,
〈β,Rica α〉g∗ = 〈pr∗V β,Rics α〉g∗ − 〈β,Rics pr∗V α〉g∗ ,
so if Rics has a lower bound then Rica is a bounded operator. Furthermore, if we
define C by (3.9), then whenever the L2 inner product is finite
〈Rica df, dφ〉L2(g∗) = 〈C, df ∧ dφ〉L2(g∗) for any f, φ ∈ C∞(M).
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The first part of this result is also found in [19, Proposition C.6]. The condition
Rica = 0 is called the Yang-Mills condition when R¯ = 0. For more details, see
Remark 3.15.
Proof of Lemma 3.7. Write  for the cyclic sum. By the first Bianchi identity
2〈Rica α, β〉g∗ =
n∑
i=1
〈Ai, R∇(Ai, ♯β)♯α −R∇(Ai, ♯α)♯β〉g
= −
n∑
i=1
〈Ai, R∇(Ai, ♯α)♯β〉g = −
n∑
i=1
〈Ai, (∇AiT )(♯α, ♯β)+  T (T (Ai, ♯α), ♯β)〉g
=
n∑
i=1
(∇Aiζ)(Ai, ♯α, ♯β) −
n∑
i=1
〈T (Ai, ♯α), T (♯β,Ai)〉g −
n∑
i=1
〈T (♯β,Ai), T (♯α,Ai)〉g
= trH(∇×ζ)(×, ♯α, ♯β).
Write ζ = ζH+ζV , where ζH(v1, v2, v3) = 〈v1,R(v2, v3)〉 and ζV (v1, v2, v3) =
〈v1, R¯(v2, v3)〉. Since for α, β ∈ Ann(H)
2〈Rica α, β〉g = 0 = trH(∇×ζ)(×, ♯α, ♯β) = trH(∇×ζV )(×, ♯α, ♯β),
we can write 〈Rica α, β〉 = trH(∇×ζH)(×, ♯α, ♯β). Observe also that by reversing
the place of V and H and writing gV = g|V , we have also trgV (∇×ζH)(×, ♯α, ♯β) =
0.
Continuing, if A1, . . . , An and Z1, . . . , Zν are local orthonormal bases ofH and V ,
respectively, observe that since ∇ preserves the metric g, for any one-from η, we
have
dη =
n∑
i=1
♭Ai ∧∇Aiη +
ν∑
i=1
♭Zν ∧ ∇Zνη + ιT η,
where ιT η = η(T ( · , · )). The formula above becomes valid for arbitrary forms η if
we extend ιT by rule ιT (α ∧ β) = (ιTα) ∧ β + (−1)kα ∧ ιTβ for any k-form α and
form β. Observe that for any v ∈ TM , trT (v, · ) = 0. Using similar arguments to
the proof of Lemma 2.1 (b), we obtain a local formula for the codifferential
δη = −
n∑
i=1
ιAi∇Aiη −
ν∑
i=1
ιZν∇Zνη + ι∗T η.
This means that
trH(∇×ζH)(×, ♯α, ♯β) = (ι∗T ζH)(♯α, ♯β) − (δζH)(♯α, ♯β)
= 〈C − δζH , α ∧ β〉g∗
Inserting α ∧ β = df ∧ dφ = d(fdφ) and integrating over the manifold, we have the
result. 
3.5. Commutation relations with between the Laplacian and the sub-
Laplacian. Let (M,H, gH) be a sub-Riemannian manifold and let g be a taming
Riemannian metric with II = 0. Define ∆g as the Laplacian of g and let ∆H be
defined relative to the volume form of g.
Proposition 3.8. Define C as in (3.9).
(a) We have ∆g∆Hf = ∆H∆gf , for all f ∈ C∞(M) if and only if δC = 0.
(b) Assume δC = 0 and that Ric(∇) is bounded from below by a constant −K.
Then ∆g and ∆H spectrally commute.
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Before stating the proof, we will need the following lemmas.
Lemma 3.9 ([30, Proposition], [10, Proposition 4.1]). Let A be equal to the Lapla-
cian ∆g or sub-Laplacian ∆H defined relative to a complete Riemannian or sub-
Riemannian metric, respectively. Let M × [0,∞), (x, t) 7→ ut(x) be a function in
L2 of the solving the heat equation
(∂t −A)ut = 0, u0 = f,
for an L2-function f . Then ut(x) is the unique solution to this equation in L
2.
Lemma 3.10. Let (M,H, gH) be a sub-Riemannian manifold and define ∆H as
the sub-Laplacian with respect to a volume form µ. Let g be a taming metric of gH
with volume form µ. Assume that ∇ and its adjoint ∇ˆ are compatible with g∗H and
g, respectively. If Lˆ = L(∇ˆ), then with respect to g, Lˆ∗ = Lˆ = −(∇ˆprH )∗∇ˆprH . In
particular, Lˆf = ∆Hf for any f ∈ C∞(M).
Proof. Define Fˆ (A ⊗ B) = ♭A ⊗ ∇ˆB and extend it by linearity to all sections of
TM⊗2. Again we know that for any point x, there exists a basis A1, . . . , An such
that ∇Ai(x) = 0. This means that ∇ˆZAi(x) = T∇(Ai, Z)(x) for the same basis,
and hence locally
Fˆ (g∗H)
∗ = −ι♯H βˆ −
n∑
i=1
ιAi∇ˆAi , βˆ(v) = trT ∇ˆ(v, ·).
However, since ∇ˆ is the adjoint of a connection compatible with g∗H we have βˆ = 0
since ∇ˆ has to be on the form (3.8). Hence Fˆ (g∗H)∗Fˆ (g∗H) = −Lˆ and the result
follows. 
Proof of the Proposition 3.8.
(a) It is sufficient to prove the statement for compactly supported functions. Note
that for f, φ ∈ C∞c (M), 〈∆H∆gf, φ〉L2 = 〈f,∆g∆Hφ〉L2 . Hence, we need to
show that ∆g∆H is its own dual on compact supported forms.
Let ∇ be as in (3.7) with adjoint ∇ˆ. Define L = L(∇), Lˆ = L(∇ˆ), Ric =
Ric(∇) and introduce Rica = 12 (Ric−Ric∗) . By Lemma 3.10 we have Lˆ∗ = Lˆ.
In addition,
〈∆g∆Hf, φ〉L2(g∗) = −〈dLf, dφ〉L2(g∗) = −〈(Lˆ− Ric)df, dφ〉L2(g∗)
= −〈df, (Lˆ − Ric)dφ〉L2(g∗) + 2〈Rica df, dφ〉L2(g∗)
= 〈f,∆g∆Hφ〉L2 + 2〈Rica df, dφ〉L2(g∗).
Furthermore, 2〈Rica df, dφ〉L2 = 〈C, df ∧ dφ〉L2 = 〈δC, fdφ〉L2 . Since all one-
forms can we written as sums of one-forms of the type fdφ, it follows that
(∆g∆H)
∗f = ∆g∆Hf for f ∈ C∞c (M) if and only if δC = 0.
(b) Write ∆g = ∆H + ∆V and df = dHf + dV f , with dHf = pr
∗
H df and dV f =
pr∗V df . Then 〈∆Hf, φ〉L2(g∗) = −〈dHf, dHφ〉 and similarly for ∆V .
Observe that for any compactly supported f ,
‖∆gf‖L2‖∆Hf‖L2 ≥ 〈∆gf,∆Hf〉L2 = −〈df, (Lˆ − Ric)df〉L2(g∗)
= ‖∇ˆdf‖2L2(g∗⊗2) + 〈df,Ric dHf〉L2(g∗) ≥
1
n
‖∆Hf‖2L2 −K‖df‖L2(g∗)‖dHf‖L2(g∗).
16 E. GRONG, A. THALMAIER
and ultimately
(3.11) ‖∆Hf‖2L2 ≤ n
√
‖∆gf‖L2‖∆Hf‖L2(
√
‖∆gf‖L2‖∆Hf‖L2 +K‖f‖L2).
By approaching any f ∈ Dom(∆g) by compactly supported functions, we con-
clude from (3.11) that any such function must satisfy ‖∆Hf‖L2 < ∞. As a
consequence, Dom(∆g) ⊆ Dom(∆H).
Let Qt = e
t∆g/2 and Pt = e
t∆H/2 be the semigroups of ∆g and ∆H , which
exists by the spectral theorem. For any f ∈ Dom(∆H), ut = ∆HQtf is an L2
solution of (
∂
∂t
− 1
2
∆g
)
ut = 0, u0 = ∆Hf.
By Lemma 3.9 we obtain ∆HQtf = Qt∆Hf . Furthermore, for any s > 0 and
f ∈ L2, we know that Qsf ∈ Dom(∆g) ⊆ Dom(∆H), and since(
∂
∂t
− 1
2
∆H
)
QsPtf = 0,
it again follows from Lemma 3.9 that PtQsf = QsPtf for any s, t ≥ 0 and
f ∈ L2. The operators consequently spectrally commute, see [35, Chapter
VIII.5].

Remark 3.11. The results of Lemma 2.1 and Lemma 3.10 do not need the bracket
generating assumptions. The result of Lˆ being symmetric is also found in [19,
Theorem 2.5.1] for the case when ∇ and ∇ˆ preserves the metric.
3.6. Proof of Theorem 3.6. We consider the assumptions that δC = 0 and that
the symmetric part Rics of the Ric is bounded from below. By Lemma 3.7, the
anti-symmetric part Rica is a bounded operator. Furthermore, the operators ∆g
and ∆H spectrally commute by Proposition 3.8.
Let Xt(x), /ˆ/t and Qˆt be as in the statement of the theorem. If
Nt = Qˆt/ˆ/
−1
t α(Xt(x))
for an arbitrary α ∈ Γ(T ∗M), then by Itoˆ’s formula
dNt
loc.m.
= Qˆt/ˆ/
−1
t (Lˆ− Ric)α(Xt(x))dt
where
loc.m.
= denotes equivalence modulo differential of local martingales. Consider
L2(T ∗M) as the space of L2-one-forms on M with respect to g. Since g is complete
and Rics bounded from below, the operator Lˆ − Rics is essentially self-adjoint by
Lemma 3.10 and Lemma A.1. Hence, by Lemma A.4, there is a strongly continuous
semigroup P
(1)
t on L
2(TM) with generator (Lˆ− Ric,Dom(Lˆ − Rics)) such that
P
(1)
t α(x) = E[1t<τ(x)Nt] = E[1t<τ(x)Qˆt/ˆ/
−1
t α(Xt(x))].
We want to show that for any compactly supported function f , P
(1)
t df = dPtf
where Ptf(x) = E[f(Xt(x))1t<τ(x)]. Following the arguments in [16, Appendix B.1],
we have Ptf = e
t∆H/2f where the latter semigroup is the L2-semigroup defined by
the spectral theorem and the fact that ∆H is essentially self-adjoint on compactly
supported functions. To this end, we want to show that dPtf is contained in the
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domain of the generator of P
(1)
t . This observation will then imply that P
(1)
t df =
dPtf , since P
(1)
t df is the unique solution to
∂
∂t
αt =
1
2
Lαt, α0 = df,
with values in Dom(Lˆ− Rics) by strong continuity, [20, Chapter II.6].
We will first need to show that dPtf is indeed in L
2. Let ∆g denote the Laplace-
Beltrami operator of g, which will also be essentially self-adjoint on compactly
supported functions since g is complete. Denote its unique self-adjoint extension
by the same symbol. Since the operators spectrally commute, es∆get∆H = et∆Hes∆g
for any s, t ≥ 0 which implies ∆get∆Hf = et∆H∆gf for any f in the domain of ∆g.
In particular,
〈dPtf, dPtf〉L2(g∗) = −〈∆gPtf, Ptf〉L2(g∗) = −〈Pt∆gf, Ptf〉L2(g∗) <∞.
Next, since 〈(Lˆ − Rics)α, α〉L2(g∗) ≥ −K‖α‖2L2(g∗), the domain Dom(Lˆ − Rics)
equals the completion of compactly supported one-forms Γc(T
∗M) with respect to
the quadratic form
q(α, α) = (K + 1)〈α, α〉L2(g∗) − 〈(Lˆ− Rics)α, α〉L2(g∗)
= (K + 1)〈α, α〉L2(g) − 〈(Lˆ − Ric)α, α〉L2(g∗).
Since Ptf is in the domain of both ∆g and ∆H for any compactly supported f , we
have that for any fixed t, there is a sequence of compactly supported functions hn
such that hn → Ptf , ∆Hhn → ∆HPtf and ∆ghn → ∆gPtf in L2. From the latter
fact, it follows that dhn converges to dPtf in L
2 as well. Furthermore,
q(dhn, dhn) = (K + 1)〈dhn, dhn〉L2(g) − 〈(Lˆ − Ric)dhn, dhn〉L2(g)
= −(K + 1)〈hn,∆ghn〉L2(g) − 〈d∆Hhn, dhn〉L2(g)
= −(K + 1)〈hn,∆ghn〉L2(g) + 〈∆Hhn,∆ghn〉L2(g),
which has a finite limit as n → ∞. Hence, dPtf ∈ Dom(Lˆ − Rics) and P (1)t df =
dPtf .
Using that 〈Ricα, α〉g∗ ≥ −K|α|2g∗ , Gronwall’s lemma and the fact that ∇ˆ pre-
serves the metric means that
|1t<τ(x)Qˆt/ˆ/−1t α(Xt(x))|g∗ ≤ eKt/21t<τ(x)|α|g∗(Xt(x)).
Hence,
(3.12) |P (1)t α(x)|g∗ ≤ eKt/2Pt|α|g∗(x).
We assumed that g was complete, so we know that there exists a sequence of
compactly supported functions gn such that gn ↑ 1 and such that ‖dgn‖2L∞(g∗) → 0.
Since |dPtgn|g∗ → 0 uniformly by (3.12) and we know that Ptgn → Pt1, we obtain
dPt1 = 0. Hence, we know that Pt1 = 1, which is equivalent to τ(x) = ∞ almost
surely.
It is a standard argument to extend the formulas from functions of compact
support to bounded functions with ‖df‖L∞(g∗) <∞.
18 E. GRONG, A. THALMAIER
3.7. Foliations and a counter-example. Let (M,H, gH) be a sub-Riemannian
manifold and let g be a Riemannian metric taming gH and satisfying II = 0 with
II as in (3.4). Write V for the orthogonal complement of H . Define the Bott
connection, by
∇˚Z1Z2 = prH ∇gprH Z1 prH Z2 + prV ∇
g
prV Z1
prV Z2(3.13)
+ prH [prV Z1, prH Z2] + prV [prH Z1, prV Z2]
where ∇g denote the Levi-Civita connection. Its torsion T˚ := T ∇˚ equals T˚ =
−R− R¯ and ∇˚g = 0 is equivalent to requiring II = 0. Since ∇˚ is compatible with
the metric, we have
∇˚Z = ∇gZ +
1
2
T˚Z − 1
2
T˚ ∗Z −
1
2
T˚ ∗· Z, TZ(A) = T (Z,A).
If ζ and ∇ are as in (3.6) and (3.7), respectively, then
ζ(v1, v2, v2) = −  〈T˚ (v1, v2), v3〉g, and ∇Z = ∇˚Z + T˚ ∗· Z.
The connection ∇˚ does not have skew-symmetric torsion, however, it does have the
advantage that ∇˚AB is independent of g|V if either A or B takes its values in H ,
see [23, Section 3.1].
3.7.1. Totally geodesic, Riemannian foliations. Assume that R¯ = 0, i.e. assume
that the orthogonal complement V of H is integrable. Let F be the correspond-
ing foliation of V that exists from the Frobenius theorem. We have the follow-
ing way of interpreting the condition II = 0. The tensor II (prV ·, prV ·) equals
the second fundamental form of the leaves, i.e. prH ∇gZW = II (Z,W ) for any
Z,W ∈ Γ(V ). Hence, II (prV ·, prV ·) = 0 is equivalent to the leaves of F be-
ing totally geodesic immersed submanifolds. On the other hand, the condition
0 = −2〈II (A,A), Z〉 = (LZg)(A,A) for any A ∈ Γ(H), Z ∈ Γ(V ) is the definition
of F being a Riemannian foliations. Locally, such a foliation F consists of the fibers
of a Riemannian submersion. In other words, every x0 ∈M has a neighborhood U
such that there exists a surjective submersion between two Riemannian manifolds,
(3.14) π : (U, g|U )→ (MˇU , gˇU ),
satisfying
TU = H |U ⊕⊥ kerπ∗, F|U = {π−1(xˇ) : xˇ ∈ MˇU}
and that π∗ : Hx → Tπ(x)MˇU is an isometry for every x ∈ U .
The following result is found in [17] for totally geodesic Riemannian foliations.
LetXt(·) be a stochastic flow with generator 12∆H where the latter is define relative
to the volume density of g.
Theorem 3.12. If (M, g) is a stochastically complete Riemannian manifold, then
Xt(x) has infinite lifetime.
In particular, if the Riemannian Ricci curvature Ricg is bounded from below,
Xt(x) has infinite lifetime. We want to compare this result using the entire Rie-
mannian geometry with our result using Ric(∇), an operator only defined by taking
the trace over horizontal vectors. For this special case, it turns out that Ricg being
bounded from below is actually a weaker condition than Ric(∇) being bounded
from below.
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Proposition 3.13. Let (M,H, gH) be a sub-Riemannian manifold with H is bracket-
generating. Let F be a foliation of M corresponding to an integrable subbundle V
such that TM = H ⊕ V . Let g be any Riemannian metric taming gH such that
II = 0, making F a totally geodesic Riemannnian foliation. Assume finally that
g is complete. For x ∈ M , let Fx denote the leaf of the foliation F containing x.
Write RicFx for the Ricci curvature tensor of Fx.
(a) For any x, y ∈ M , there exist neighborhoods x ∈ Ux ⊆ Fx and y ∈ Uy ⊆ Fy,
and an isometry
Φ : Ux → Uy, Φ(x) = y.
As a consequence, if we define RicF such that
RicF (v, w) = RicFx(prV v, prV w), for any v, w ∈ TxM,
then RicF is bounded.
(b) Let Ricg be the Ricci curvature of the Riemannian metric g. Let ∇ be defined
as in (3.7). Then
Ricg(v, v) = Ric(∇)(♭v)(v) + 1
2
n∑
i=1
‖R(Ai, v)‖2g +RicF (prV v, prV v).(3.15)
In particular, Ricg has a lower bound if Ric(∇) has a lower bound.
Before presenting the proof we need the next lemma. Let (M, g) be a complete
Riemannian manifold and let F be a Riemannian foliation with totally geodesic
leaves. Let V be the integrable subbundle of TM corresponding to F and define H
as its orthogonal complement. Write n for the rank of H and ν for the rank of V .
Define
O(n)→ O(H) p→M
as the orthonormal frame bundle of H . Introduce the principal connection E on p
corresponding to the restriction of ∇˚ to H . In other words, E is the subbundle of
T O(H) satisfying T O(H) = E ⊕ ker p∗, Eφ · a = Eφ·a, φ ∈ O(H), a ∈ O(n) and
defined such that a curve φ(t) in O(H) is tangent to E if and only if the frame is
∇˚-parallel along p(φ(t)). For any u = (u1, . . . , un) ∈ Rn, define Aˆu as the vector
field on O(H) taking values in E uniquely determined by the property
p∗Aˆu(φ) =
n∑
j=1
ujφj , for any φ = (φ1, . . . , φn) ∈ O(H).
For any φ ∈ O(H)x, define Fˆφ as all points that can be reached from φ by an
E-horizontal lift of a curve in Fx starting in x. We then have the following result,
found in [17], see also [40, Chapter 10] and [32].
Lemma 3.14. The collection Fˆ = {Fˆφ : φ ∈ O(H)} gives a foliation of O(H) with
ν-dimensional leaves such that for each φ ∈ O(n) the map
p|Fˆφ : Fˆφ → Fp(φ)
is a cover map. Furthermore, giving each leaf of Fˆ a Riemannian structure by
pulling back the metric from the leaves of F , then for any u ∈ Rn and t ∈ R, the
flow Ψu(t) = e
tAˆu maps Fˆφ onto FˆΨu(t)(φ) isometrically for each φ ∈ O(H).
Note that the reason for using the connection ∇˚ in the definition of Fˆ , is that
R∇˚(Z,W )A = 0 for any Z,W ∈ Γ(V ) and A ∈ Γ(H).
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Proof of Proposition 3.13. (a) For any x ∈M , choose a fixed element φ0 in O(H)x.
Define
Oφ0 = {Ψuk(tk) ◦ · · · ◦Ψu1(t1)(φ) : tj ∈ R, uj ∈ Rn, k ∈ N} .
Clearly, by definition, for any φ ∈ Oφ0 , there is an isometry Φˆ : Fˆφ0 → Fˆφ such
that Φˆ(φ0) = φ.
Consider the vector bundle Hˆ = span{Aˆu : u ∈ Rn} and define
Lieφ Hˆ := span
{
[B1, [B2, · · · , [Bk−1, Bk]] · · · ]
∣∣
φ
: Bj ∈ Γ(Hˆ), k ∈ R
}
= span
{
[Aˆu1 , [Aˆu2 , · · · , [Aˆuk−1 , Aˆuk ]] · · · ]
∣∣
φ
: uj ∈ Rn, k ∈ R
}
,
for any φ ∈ O(H). By the Orbit Theorem, see e.g. [2, Chapter 5], Oφ0 is an
immersed submanifold of O(H), and furthermore,
Lieφ Hˆ ⊆ TφOφ0 , for any φ ∈ Oφ0 .
Furthermore, since p∗Hˆ = H and since H is bracket-generating, we have that
p∗ Lieφ Hˆ = Tp(φ)M . It follows that p(Oφ0) = M . Hence, for any y ∈ M ,
there is an isometry Φˆ : Fˆφ0 → Fˆφ with Φˆ(φ0) = φ for some φ ∈ O(H)y. As a
consequence, there is a local isometry Φ taking x to y.
(b) Note that if Rg is the curvature of the Levi-Civita connection, then
〈Rg(Z1, Z2)B1, B2〉g = 〈R∇(Z1, Z2)B1, B2〉g + 1
2
(∇Z1ζ)(Z2, B1, B2)
− 1
2
(∇Z2ζ)(Z1, B1, B2)−
1
2
〈T (Z1, Z2), T (B1, B2)〉g
− 1
4
〈T (Z1, B2), T (Z2, B1)〉+ 1
4
〈T (Z1, B1), T (Z2, B2)〉
for Zj , Bj ∈ Γ(TM). Since all the leaves of the foliation are totally geodesic,
if RF denotes the curvature tensor along the leaves, then 〈Rg(Z1, Z2)B1, B2〉 =
〈RF (Z1, Z2)B1, B2〉 whenever all vector fields take values in V . We compute
using any local orthonormal bases A1, . . . , An and Z1, . . . , Zν of H and V ,
respectively,
Ricg(v, v) =
n∑
i=1
〈Rg(Ai, v)v,Ai〉g +
ν∑
s=1
〈Rg(Zs, prH v) prH v, Zs〉g
+ 2
ν∑
s=1
〈Rg(Zs, prV v) prH v, Zs〉g +
ν∑
s=1
〈Rg(Zs, prV v) prV v, Zs〉g
= Ric(∇)(♭v)(v) + 1
2
n∑
i=1
‖R(Ai, v)‖2g +RicF (prV v, prV v).
The result now follows from (a). 
Remark 3.15. (a) Let g be any metric taming gH such that II = 0. Write V for
the orthogonal complement of H . Then for any ε > 0, the scaled Riemannian
metric
gε(v, w) = g(prH v, prH) +
1
ε
g(prV v, prV w),
also tames gH and satisfies II = 0. Since ∇˚AB is independent of g|V whenever
at least one of the vector fields takes values only in H , it behaves better with
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respect to the scaled metric. Such scalings of the extended metric are important
for the sub-Riemannian curvature-dimension inequality, see [10, 7, 9, 11, 23, 24].
(b) If R¯ = 0 then we have that trH(∇×R)(×, ·) = trH(∇˚×R)(×, ·). If this map
vanishes, i.e. if Ric(∇) is a symmetric operator, then H is said to satisfy the
Yang-Mills condition. One may consider subbundles H satisfying this condition
as locally minimizing the curvature R. See [24, Appendix A.4] for details.
3.7.2. Regular foliations. We will give a short remark on the case in Section 3.7.1
when the foliation is also regular, i.e. when there is a global Riemannian submersion
π : (M, g) → (Mˇ, gˇ) with the foliation F = {Fy = π−1(y) : y ∈ Mˇ}. We can
rewrite (3.15) as
Ricg(v, v) = Ric(∇˚)(♭v)v − 3
2
‖R(v, ·)‖2g∗⊗2 +RicF (prV v, prV v).
Hence, requiring that Ric(∇˚) is bounded from below is even weaker than requiring
this for Ricg. This weaker condition is a sufficient requirement for infinite lifetime
for the case of regular foliations.
To prove this, we need a result in [27]. Fix a point y0 ∈ Mˇ and let σ : [0, 1]→ Mˇ
be a smooth curve with σ(0) = y0. Define F = Fy0 and write σ
x for the H-
horizontal lift of σ starting at x ∈ F . Then the map
Ψσ(t) : F → Fσ(t), Ψσ(t)(x) = σx(t),
is an isometry, so all leaves of F are isometric. Write G for the isometry group of F
and Qy for the space of isometries q : F → Fy. Then Q =
∐
y∈Mˇ Qy can be given
a structure of a principal bundle, such that
p : Q× F →M ∼= (Q× F )/G, (q, z) 7→ q(z).
In the above formula, φ ∈ G acts on F on the right by z · φ = φ−1(z). Finally, if
we define
E =
{
d
dt
Ψσ(t) ◦ φ : σ ∈ C
∞([0, 1], Mˇ)
σ(0) = y0, φ ∈ G, t ∈ [0, 1]
}
⊆ TQ,
then E is a principal connection on Q and p∗E = H .
One can verify that if Yt(y) is the Brownian motion in Mˇ starting at y ∈ Mˇ
with horizontal lift Y˜t(q) to q ∈ Qy with respect to E, then Xt(x) = p(Y˜t(q), z) is
a diffusion in M with infinitesimal generator 12∆H starting at x = p(q, z). Hence,
if Yt(y) has infinite lifetime, so does Xt(x) as a process and its horizontal lifts to
principal bundles have the same lifetime by [36]. Since a lower bound of Ric(∇˚) is
equivalent to a lower bound of the Ricci curvature of Mˇ by [23, Section 2], this is
a sufficient condition for infinite lifetime of Xt(x).
The above argument does not depend on H being bracket-generating. However,
in the case ofH bracket-generating, F is a homogeneous space by a similar argument
to that of the proof of Proposition 3.13.
3.7.3. A counter-example. We will give an example showing that the assumption
R¯ = 0 is essential for the conclusion of Proposition 3.13.
Example 3.16. Consider su(2) as the Lie algebra spanned by elements A1, A2 and
A3 with bracket-relations
[A1, A2] = A3, [A3, A1] = A2, [A2, A3] = A1.
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Let G be any connected Lie group with Lie algebra su(2). Denote the left invari-
ant vector fields and their corresponding elements in the Lie algebra by the same
symbol. Let ϕ : G→ G˜ be a Lie group isomorphism to another copy G˜ of G. Use
this to define vector fields on G× G˜ by
Ask(x, y) = Ak(x) + ϕ∗Ak(ϕ
−1(y)), Aak(x, y) = Ak(x)− ϕ∗Ak(ϕ−1(y)),
for any (x, y) ∈ G× G˜. Observe that [Ai, Aj ] = Ak implies that
[Asi , A
s
j ] = A
s
k, [A
s
i , A
a
j ] = A
a
k, [A
a
i , A
a
j ] = A
s
k.
Consider R with coordinate c. Define a manifold M = G × G˜ × R. Let f
be an arbitrary smooth function on M that factors through the projection to R,
i.e. f(x, y, c) = f(c) for (x, y, c) ∈ G × G˜ × R. Write ∂cf simply as f ′. Introduce
the vector fields Zj, j = 1, 2, 3 on M such that
Z1 = e
fAs1, Z2 = e
fAs2, Z3 = e
fAa1 .
Define a Riemannian metric g on M such that Z1, Z2, Z3, A
s
3, A
a
2 , A
a
3 , ∂c form an
orthonormal basis. Define a sub-Riemannian manifold (M,H, gH) such that H is
the span of Z1, Z2, Z3 and ∂c with gH as the restriction of g to this bundle. If we
define II and C as in respectively (3.4) and (3.9), then we have II = 0 and C = 0,
even though R¯ 6= 0. If ∇ is as in (3.7), then Ric(∇) is given by
Ric(∇) :


♭Z1 7→
(
f ′′ − e2f (e2f − 1)− 3(f ′)2) ♭Z1,
♭Z2 7→
(
f ′′ − 2e2f(e2f − 1)− 3(f ′)2) ♭Z2,
♭Z3 7→
(
f ′′ − e2f (e2f − 1)− 3(f ′)2) ♭Z3,
♭∂c 7→ 2
(
f ′′ − (f ′)2) ♭∂c.
However, one can also verify that if Ricg is the Ricci curvature of g, then
Ricg(A
a
2 , A
a
2) = 2− e−f .
Hence, if f ′ and f ′′ are bounded and f is bounded from above but not from below,
then Ric(∇) has a lower bound, but not Ricg. We may for example take f(c) =
−c tan−1 c.
4. Torsion and integration by parts
4.1. Torsion and integration by parts. For a function f ∈ C∞(M) on a sub-
Riemannian manifold define the horizontal gradient ∇Hf = ♯Hdf . The fact that
the parallel transport /ˆ/t in Theorem 3.6 does not preserve the horizontal bundle,
makes it difficult to bound ∇HPtf by terms only involving the horizontal part of the
gradient of f and not the full gradient. We therefore give the following alternative
stochastic representation of the gradient.
Let (M, g∗H) be a sub-Riemannian manifold and let ∇ be compatible with g∗H .
Let g be a Riemannian metric taming gH and assume that ∇ is compatible with g
as well. Introduce a zero order operator
A (α) := Ric(∇)α − α(trH(∇×T∇)(×, ·))− α(trH T∇(×, T∇(×, ·)))(4.1)
= Ric(∇ˆ)α − α(trH T∇(×, T∇(×, ·))).
Let Xt(·) be the stochastic flow of 12L(∇) with explosion time τ(·). Write //t =
//t(x) : TxM → TXt(x)M for parallel transport with respect to ∇ along Xt(x).
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Observe that this parallel transport along ∇ preserves H and its orthogonal com-
plement. Let Wt =Wt(x) denote the anti-development of Xt(x) with respect to ∇
which is a Brownian motion in (Hx, 〈· , ·〉gH (x)).
Theorem 4.1. Assume that τ(x) = ∞ a.s. for any x ∈ M and that for any
f ∈ C∞b (M) with bounded gradient, we have supt∈[0,t1] ‖dPtf‖L∞(g∗) < ∞. Fur-
thermore, assume that |T∇|∧2g∗⊗g <∞ and that A is bounded from below. Define
stochastic processes Qt = Qt(x) and Ut = Ut(x) taking values in EndT
∗
xM as
follows:
d
dt
Qt = −1
2
QtA//t Q0 = id,
resp.
Utα(v) =
∫ t
0
αT∇//s(dWs, Q
⊺
sv), T
∇
//t
(v, w) = //−1t T (//tv, //tw).
Then for any f ∈ C∞b (M),
(4.2) dPtf(x) = E
[
(Qt + Ut)//
−1
t df(Xt(x))
]
.
For a geometric interpretation of A for different choices of ∇, see Section 4.2.
The equality (4.2) allows us to choose the connection ∇ convenient for our purposes
and gives us a bound for the horizontal gradient on Carnot groups in Section 4.3.
For the proof of this result, we rely on ideas from [16]. A multiplication m of
T ∗M is a map m : T ∗M ⊗ T ∗M → T ∗M . Corresponding to a multiplication and a
connection ∇, we have a corresponding first order operator
Dmα = m(∇·α).
Lemma 4.2. Let ∇ be a connection compatible with g∗H and with torsion T . Define
L = L(∇), Ric = Ric(∇) and T = T∇. Then for any f ∈ C∞(M),
Ldf − dLf = −2Dmdf + A (df),
where m(β ⊗ α) = α(T (♯Hβ, ·)) and
(4.3) A (α) = Ric(α)− α(trH(∇×T )(×, ·))− α(trH T (×, T (×, ·))).
Proof. Recall that if ∇ˆ is the adjoint of ∇ and Lˆ = L(∇ˆ), then
(Lˆdf − dLf) = Ric df.
The result now follows from Lemma 3.3 and the fact that for any A ∈ Γ(H),
∇ˆA = ∇A + κ(A),
where κ(A)α = α(T (A, ·)) = m(♭A⊗ α). 
Proof of Theorem 4.1. Let x ∈ M be fixed. To simplify notation, we shall write
Xt(x) simply as Xt. Define //t as parallel transport with respect to ∇ along Xt.
Define Qt as in Theorem 4.1. For any S > 0, consider the stochastic process on
[0, S] with values in T ∗xM ,
Nt = //
−1
t dPS−tf(Xt).
By Lemma 4.2 and Itoˆ’s formula
dNt = //
−1
t ∇//tdWtdPS−tf(Xt)−//−1t DmdPS−tf(Xt)dt+
1
2
//−1t A (dPS−tf(Xt))dt,
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and so
dQtNt = Qt//
−1
t ∇//tdWtdPS−tf(Xt)−Qt//−1t DmdPS−t(Xt)dt.
Since Wt is a Brownian motion in Hx and //t preserves H and its inner product,
the differential of the quadratic covariation equals
d[Ut, Nt] = Qt//
−1
t D
mdPS−tf(Xt)dt.
Hence, (Qt + Ut)Nt is a local martingale which is a true martingale from our
assumptions. The result follows. 
4.2. Geometric interpretation. We will look at some specific examples to inter-
pret Theorem 4.1 and the zero order operator A in (4.3).
4.2.1. Totally geodesic Riemannian foliation and its generalizations. Assume that
condition (3.5) holds, so that we are in the case of Section 3.2. Define ∇ as in (3.7)
and let ∇˚ be as in (3.13). Recall that its torsion T˚ equals T˚ = −R− R¯ and that
∇Z = ∇˚Z + T˚ ∗· Z. Using Lemma 3.7, we obtain
〈A α, β〉 = 〈Ric(∇) pr∗H α, pr∗V β〉g∗ + 〈Ric(∇) pr∗H α, pr∗H β〉g∗
− α(trH(∇×T )(×, ♯β))− 〈♯α, trH T (×, T (×, ♯β))〉g
= 〈Ric(∇) pr∗H α, pr∗H β〉g∗ + 2〈ιTα, ιTβ〉∧2g∗H
= 〈Ric(∇) pr∗H α, pr∗H β〉g∗ + 2〈ιT˚α, ιT˚β〉∧2g∗H = 〈Ric(∇˚) pr∗H α, pr∗H β〉g∗ .
In particular, A does not depend on g|V .
4.2.2. Lie groups of polynomial growth. Let G be a connected Lie group with unit 1
of polynomal growth. Consider a subspace h that generates all of g. Equip h with an
inner product and define a sub-Riemannian structure (H, gH) by left translation of
h and its inner product. Let g be any left invariant metric taming gH . Let ∇ be the
connection defined such that any left invariant vector field on G is ∇-parallel. Then
∇ is compatible with g∗H and g. Let Xt(·) be the stochastic flow of 12L(∇), which
has infinite lifetime by [25]. Furthermore, ‖dPtf‖L∞(g∗) < ∞ for any bounded
f ∈ C∞b (M) by [39]. Hence we can use Theorem 4.1.
Let lx : G → G denote left multiplication on G and write x · v := dlxv. Notice
that since we have a left invariant system, Xt(x) = x ·Xt(1) =: x ·Xt. Furthermore,
parallel transport with respect to ∇ is simply left translation so
//t(x)v = (x ·Xt · x−1) · v.
If Wt(x) is the anti-development of Xt(x) with respect to ∇ then
Wt(x) = x ·Wt(1) =: x ·Wt.
As ∇ is a flat connection and since
T∇(A1, A2) = −[A1, A2],
for any pair of left invariant vector fields A1 and A2, we have that A in (4.3) equals
A = −α(trH T (×, T (×, ·))).
In other words, if we define a map ψ : g→ g, by
(4.4) ψ = trH1 ad(×) ad(×),
then
A α = −l∗x−1ψ∗l∗xα, α ∈ T ∗xM.
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Both A and T∇ are bounded in g. Hence, we can conclude that for any v ∈ g and
x ∈ G,
dPtf(x · v) = E
[
df
(
(x ·Xt) ·
(
Q
⊺
t v +
∫ t
0
ad(Q
⊺
sv)dWs
))]
where
Qt = exp (−tψ∗/2) .
Note that Qt is deterministic in this case.
4.3. Carnot groups and a gradient bound. Let G be a simply connected nilpo-
tent Lie group with Lie algebra g and identity 1. Assume that there exists a stratifi-
cation g = g1⊕· · ·⊕gk into subspaces, each of strictly positive dimension, such that
[g1, gj] = g1+j for any j ≥ 1 with convention gk+1 = 0. Write h = g1 and choose an
inner product on this vector space. Define the sub-Riemannian structure (H, gH) on
G by left translation of h and its inner product. Then (G,H, gH) is called a Carnot
group of step k. Carnot groups are important as they are the analogue of Euclidean
space in Riemannian geometry, in the sense that any sub-Riemannian manifold has
a Carnot group as its metric tangent cone at points where the horizontal bundle is
equiregular. See [12] for details and the definition of equiregular.
Let (G,H, gH) be a Carnot group with n = rankH . Let ∆H be defined with
respect to left Haar measure on G, which equals the right Haar measure since
nilpotent groups are unimodular. Consider the commutator ideal k = [g, g] =
g2 ⊕ · · · ⊕ gk with corresponding normal subgroup K. Define the corresponding
quotient map
π : G→ G/K ∼= h,
and write |π| : x 7→ |π(x)|gH (1).
It is known from [15] and [31] that for each p ∈ (1,∞), there exists a constant
Cp such that |∇HPtf |gH ≤ Cp(Pt|∇Hf |gH )1/p pointwise for any f ∈ C∞(M). We
want to give a more explicit form of constants satisfying this inequality.
Theorem 4.3. Let ψ be defined as in (4.4) and assume that ψ|h = 0. Let pt(x, y)
denote the heat kernel of ∆H and define ̺(x) = p1(1, x). Define a probability
measure P on M by dP = ̺dµ.
(a) Consider the function ϑ(x) = n+|π|(x)·|∇H log ̺|gH (x) and for any p ∈ (1,∞],
(4.5) Cp =
(∫
G
̺(y) · ϑq(y) dµ(y),
)1/q
,
1
p
+
1
q
= 1.
Then the constants Cp are all finite and for any x ∈ G and t ≥ 0, we have
|∇HPtf |gH (x) ≤ Cp(Pt|∇Hf |pgH (x))1/p, f ∈ C∞(M).
Furthermore, C2 < n+(nQ−2CovP[|π|2, log ρ])1/2 where CovP is the covariance
is with respect to P.
(b) Let Q be the homogeneous dimension of G,
(4.6) Q =
k∑
j=1
j(rank gj).
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For any n and q ∈ [2,∞), define
cn,q =
(
2(q+n+1)/2π(n−1)/2√
n
Γ(n+q2 )
Γ(n2 )
)1/q
.
Then for p ∈ (2,∞), we have
|∇HPtf | ≤ (n+ cn,q
√
Q) (Pt|df |p)1/p , 1
q
+
1
p
=
1
2
.
The condition ψ|h = 0 is actually equal to the Yang-Mills condition in the case
of Carnot groups, see Remark 4.6. In the definition of ̺, the choices of t = 1 and
x = 1 in the definition are arbitrary. For any fixed t and x, if we replace ̺ by
̺t,x(y) := pt(x, y) in (4.5), we would still obtain the same bounds. Taking into
account [31, Cor 3.17], we get the following immediate corollary.
Corollary 4.4. For any smooth function f ∈ C∞(G) and t ≥ 0, we have
Ptf
2 − (Ptf)2 ≤ t C22Pt|∇Hf |2gH
with C2 as in Eq. (4.5).
Let g be a left invariant metric on G taming gH . Let ∇ be the connection on M
defined such that all left invariant vector fields are parallel. As
β(v) = trT∇(v, ·) = 0,
we have that L(∇)∗ = L(∇) by Lemma 2.1. Furthermore, if A1, . . . , An is a basis
of g, then L(∇)f =∑ni=1 A2i f by [1]. Before passing to our desired inequalities, we
review some facts about Carnot groups.
Let Xt := Xt(1) be a
1
2∆H -diffusion starting at the identity 1 and let //t denote
the corresponding parallel transport along Xt with respect to ∇. Let π : G → h
denote the quotient map.
(i) For any v, w ∈ H we have 〈v, w〉gH = 〈π∗v, π∗w〉gH (1). Hence we can consider
our sub-Riemannian structure as having been obtained by choosing a principal
Ehresmann connection H on π and lifting the metric on h. It follows by [23,
Section 2] that ∆H is the horizontal lift of the Laplacian of (h, 〈· , ·〉gH (1))
and so we have that Wt = π(Xt) is a Brownian motion in the inner product
space h. Since
π∗v = prh x
−1 · v, v ∈ TxG,
we can identify Wt with the anti-development of Xt.
(ii) Since ∆H is left invariant, Xt(x) := x · Xt is a 12∆H -diffusion starting at x,
and Ptf(x) = Pt(f ◦ lx)(1) where lx denotes left translation. In particular, if
̺t(x) := pt(1, x) then
pt(x, y) = ̺t(x
−1y).
(iii) Since the Lie algebra g has a stratification, for any s > 0, the map (Dils)∗ :
g 7→ g is given by
(4.7) (Dils)∗A ∈ gj 7→ sjA.
is a Lie algebra automorphism. It correspond to a Lie group automorphism
Dils of G since G is simply connected. These automorphisms are called dila-
tions. It can be verified that if A ∈ gj and we use the same symbol for the
corresponding left invariant vector field then
A(f ◦Dils) = sj(Af) ◦Dils .
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(iv) As a consequence of Item (iii) we have
∆H(f ◦Dils) = s2(∆Hf) ◦Dils,
and hence
Pt(f ◦Dils) = (Ps2tf) ◦Dils .
Also, for any function f , we have |df |g∗
H
◦Dils = s−1|d(f ◦Dils)|g∗
H
.
(v) Let Q be the homogeneous dimension of G as in (4.6). By definition Dil∗s µ =
sQµ, and considering (iv) the heat kernel has the behavior
̺s2t(Dils(x)) = s
−Q̺t(x).
(vi) Clearly R∇ = 0 and ∇T = 0 since the torsion takes left invariant vector fields
to left invariant vector fields. Hence, for any left invariant vector field A, we
have A ⊺A = ψA with ψ as in (4.4). If ψ|h = 0, we can apply Theorem 4.1.
We obtain that for any v ∈ h, then
dPtf(v) = E
[
//−1t df(Xt)
(
v + ad(Wt)v
)]
.
Theorem 4.3 now follows as a result of the next Lemma. Note that for any function
f ∈ C∞(M), we have |∇Hf |gH = |df |g∗H .
Lemma 4.5. Assume that ψ|h = 0. For every t > 0, define
ϑt = n+ |π||d log ̺t|g∗
H
.
For any p ∈ (1,∞], let q ∈ [1,∞) be such that 1p + 1q = 1 and define
(4.8) Ct,p = E [ϑt(Xt)
q]
1/q
.
Then
(a) Ct,p = C1,p = Cp for any t > 0.
(b) The constants Cp are finite. Furthermore, we have the inequality
C2 ≤ n+
(
nQ+ 2
∫
G
(n− |π|2)̺ log ̺ dµ
)1/2
= n+ (nQ− 2CovP[|π|2, log ρ])1/2.
Proof. To simplify notation, we write 〈·, ·〉L2(∧jg∗) simply as 〈· , ·〉 and r = |π|2.
(a) We use dilations to prove the statement. Observe that r ◦Dils = s2r and that
|d log ̺t| ◦Dils = s−1|d log ̺t/s2 |, and so ϑt ◦Dils = ϑt/s2 . It follows that
(Ct,p)
q =
∫
G
̺tϑ
q
t dµ
Dil∗√
t
=
∫
G
(̺t ◦Dil√t)
(
ϑt ◦Dil√t
)q
tQ/2 dµ
=
∫
G
̺1ϑ
q
1 dµ = (Cp)
q.
(b) We only need to show that for any 1 < q <∞,∫
G
̺(r1/2|d log ρ|g∗
H
)qdµ =
∫
G
rq/2̺1−q|d̺|qg∗
H
dµ <∞.
Define d(x) = dgH (1, x). Then π is distance decreasing, so r(x) ≤ d(x)2. By
[41, Theorem 1], for any 0 < ε < 12 there is a constant kε such that
1
̺(x)
≤ kε exp
(
d
2(x)
2− ε
)
.
28 E. GRONG, A. THALMAIER
Furthermore, by [42, Theorem IV.4.2], for every ε′ > 0 there are constants kε′
such that
|d̺|g∗
H
(x) ≤ kε′ exp
(
− d
2(x)
2 + ε′
)
.
Since we can always find the appropriate values of ε and ε′ such that
q − 1
q
≤ 2− ε
2 + ε′
,
it follows that
∫
G
rq/2̺1−q|d̺|qg∗
H
dµ <∞.
Next, define the vector field D by Df = dds (gf ◦ Dil1+s)|s=0 for any func-
tion f . If f satisfies f ◦ Dilε = εkf , then by definition Dg = kg. By Item (v),
we have
divD = Q, (t∆H +D +Q)pt = (t∆H −D∗)pt = 0.
The observation
∆H(̺t log ̺t) = (log ̺t + 1)∆H̺t + ̺t| log ̺t|2g∗
H
allows us to compute
(C2 − n)2 ≤ 〈r, ̺| log ̺|2g∗
H
〉 = 〈r,∆H(̺ log ̺)− (log ̺+ 1)∆H̺〉
= 〈∆Hr, ̺ log ̺〉+ 〈r, (log ̺+ 1)D̺〉+Q〈r, (log ̺+ 1)̺〉
= 2n〈̺, log ̺〉 − 〈Dr, ̺ log ̺〉+Qn
= 2〈(n− r), ̺ log ̺〉+Qn
which equals the covariance, since
∫
M rρdµ = n. 
Proof of Theorem 4.3. Again, we write 〈· , ·〉L2(∧jg∗) simply as 〈· , ·〉 and r = |π|2.
(a) By left invariance, it is sufficient to prove the inequality in the point x = 1.
Let v ∈ H1 = h be arbitrary. We will use Theorem 4.1 and Item (vi). For
every x ∈ G we have ♯dr(x) = 2x · π(x). Let us consider the form αv defined
by αv(x) = ♭(x · v). Then
dPtf(v) = E
[
//−1t df(Xt) (v −R(Wt, v))
]
= E[//−1t df(Xt)(v)] − E [df(Xt)R(//t(π(Xt) ∧ v))]
= E[//−1t df(Xt)(v)] −
1
2
E [dfR(♯dr, ♯αv)(Xt)] .
Define F (A,B) = ♭A ∧ ∇B and extend F to general sections of TM⊗2 by
C∞(M)-linearity. Consider FH = F (g∗H) and notice that
FHf = dHf = pr
∗
H df, F
2
Hf = dfR( · , · ).
Hence
E
[〈dfR(♯dr, ♯αv)(Xt)] = 〈F 2Hf, ̺tdr ∧ αv〉
= 〈FHf, F ∗H(̺tdr ∧ αv)〉
= −〈dHf, ι♯Hd̺tdr ∧ αv〉 − 〈dHf, ̺t(∆g∗H r)αv〉+ 〈dHf, ̺t∇♯Hαdr〉
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since ∇αv = 0. We use the identities ∆Hr = 2n and ∇Adr = 2♭prH A to
obtain
E
[〈
F 2Hf, dr ∧ αv
〉
g∗ (Xt)
]
= −〈dHf, ι♯Hd̺tdr ∧ αv〉 − 2(n− 1)〈dHf, ̺tαv〉
= −E
[〈
dHf, ι♯Hd log ̺tdr ∧ αv
〉
g∗ (Xt)
]
− 2(n− 1)E [//−1t dHf(Xt)(v)] .
Hence, if we define Nt : T
∗
1
G→ T ∗
1
G by
Ntβ = nβ +
1
2
//−1t ι♯dr(Xt)(d log ̺t(Xt) ∧ //tβ),
then dPtf(v) = E[Nt//
−1
t df(v)] for any v ∈ H .
Observe that |Ntβt|g∗
H
≤ ϑt|β|g∗
H
. Using Ho¨lder’s inequality, this leads us to
the conclusion
|dPtf |g∗
H
(1) = sup
v∈h,|v|gH=1
dPtf(v)
= sup
v∈h,|v|gH=1
E[Nt//
−1
t df(Xt)(v)]
≤ E[ϑqt ◦Xt]1/qE[|df |pg∗
H
◦Xt]1/p
≤ Ct,p(Pt|df |pg∗
H
(1))1/p.
(b) Using dPt(v) = E[Nt//
−1
t ], for p ∈ (2,∞], q ∈ [2,∞) satisfying
1
q
+
1
p
+
1
2
= 1,
we have
|dP1f |g∗
H
(1) ≤ nE[|df |gH (X1)] + E[(|π|| log ̺|g∗H |df |g∗H )(X1)]
≤ nP1|df |gH + E [|π|q(X1)]1/q E
[
| log ̺|2g∗H (X1)
]1/2
E
[
|df |pg∗
H
(X1)
]1/p
.
As was observed in [8, page 9],
E
[
| log ̺|2g∗
H
(X1)
]
=
∫
M
ρ| log ̺|2gHdµ =
∫
M
(∆H(̺ log ̺)− (log ̺+ 1)∆H̺) dµ
=
∫
M
(log ̺+ 1)(D +Q)̺ dµ =
∫
M
D(̺ log ̺)dµ+Q
∫
M
(log ̺+ 1)̺ dµ
=
∫
M
(D +Q)(̺ log ̺)dµ+Q
∫
M
̺ dµ = Q
while
E[|π|q(X1)] = E[|W1|q] = 2
(q+n+1)/2π(n−1)/2√
n
Γ(n+q2 )
Γ(n2 )
The result follows. 
Remark 4.6. Consider a Carnot group (G,H, gH) and let V be the complement
of V defined by left translation of g2⊕· · ·⊕gk. Since this is an ideal, we obtain the
same subbundle using right translation. Extend the gH to a Riemannian metric g
by defining a right invariant metric on V . Then condition (3.5) holds, but if ∇ is
defined as in (3.7), then Ric(∇) does not have a lower bound for k ≥ 3. However,
the Yang-Mills condition trH(∇×R)(×, ·) = 0 of Remark 3.15 equals exactly the
condition ψ|h = 0.
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Appendix A. Feynman-Kac formula for perturbations of self-adjoint
operators
A.1. Essentially self-adjoint operator on forms. Let M be a manifold with a
sub-Riemannian structure (H, gH) with H bracket-generating. Consider the rough
sub-Laplacian L = L(∇) relative to some affine connection ∇ on TM . Let g be a
complete sub-Riemannian metric taming gH such that ∇g = 0. Assume that
L∗ = L = −(∇prH )∗(∇prH ).
We can then make the following statement for operators of the type L − C where
C ∈ Γ(End(T ∗M)). To simplify notation, we denote 〈· , ·〉L2(∧jg∗) as simply 〈· , ·〉
for the rest of this section.
Lemma A.1. Assume that C ∗ = C . If A = L − C is bounded from above on
compactly supported forms, i.e. if
λ0 = λ0(A) = sup
{ 〈Aα, α〉
〈α, α〉 : α ∈ Γc(T
∗M)
}
<∞,
then A is essentially self-adjoint on compactly supported one-forms.
We follow the argument of [37, Section 2]. We begin by introducing the following
lemma.
Lemma A.2. [34, Section X.1] Let A be any closed, symmetric, densely defined
operator on a Hilbert space with domain Dom(A). Assume that A is bounded from
above by λ0(A) on its domain. Then A = A∗ if and only if there are no eigenvectors
in the domain of A∗ with eigenvalue λ > λ0(A).
Proof of Lemma A.1. Let prH be the orthogonal projection to H . Since L =
−(∇prH )∗(∇prH ), we have −〈Cα, α〉 ≤ λ0〈α, α〉. Denote the closure of A|Γc(T ∗M)
by A as well. Assume that there exist a one-form α in L2 satisfying A∗α = λα
with λ > λ0. By using a trivialization of the cotangent bundle, we see that L is
hypoelliptic, which implies that α is smooth. Let f be an arbitrary function of
compact support and write dHf = pr
∗
H df . Then
λ〈f2α, α〉 = 〈f2α,A∗α〉 = 〈A(f2α), α〉
= −〈f2∇prH ·α,∇prH ·α〉 − 〈f2Cα, α〉 − 2〈fdHf ⊗ α,∇prH ·α〉
≤ −‖f∇prH ·α‖2L2(g∗) + λ0〈f2α, α〉 − 2〈dHf ⊗ α, f∇prH ·α〉.
Since (λ − λ0)〈f2α, α〉 ≥ 0, we have∥∥f∇prH ·α∥∥2L2(g∗) ≤ −2〈dHf ⊗ α, f∇prH ·α〉,
and hence
(A.1)
∥∥f∇prH ·α∥∥2L2(g∗) ≤ 2‖dHf‖L∞(g∗)‖α‖L2(g∗)‖f∇prH ·α‖L2(g∗).
Since we assumed that g was complete, there exist a sequence of smooth functions
fj ↑ 1 of compact support satisfying ‖dfj‖L∞(g∗) → 0. By inserting fj in (A.1)
and taking the limit we obtain ‖∇prH ·α‖2L2(g∗) = −〈Lα, α〉 = 0. However, this
contradicts our initial hypothesis A∗α = λα for λ > λ0. Hence, we obtain our
result. 
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Remark A.3. By replacing the sequence fj in the proof of Lemma A.1 with (an
appropriately smooth approximation of) the sequence found in [38, Theorem 7.3],
we can deduce essential self-adjointness of L − C just by assuming completeness
of dgH .
A.2. Stochastic representation of a semigroup. Let (M,H, gH) be a sub-Rie-
mannian manifold and let g be a complete Riemannian metric taming gH . Define
L2(T ∗M) as the space of all one-forms in L2 relative to g. Let ∇ be a connection
satisfying ∇g = 0 and L∗ = L. Relative to L(∇), consider the stochastic flow
Xt(·) with explosion time τ(·). Define //t(x) as parallel transport along Xt(x)
with respect to ∇.
Let C be a zero order operator on M , with
C
s =
1
2
(C + C ∗), C a =
1
2
(C − C ∗).
Lemma A.4. Assume that L − C s is bounded from above and assume that C a is
bounded. For each x, let Qt(x) ∈ EndT ∗xM a continuous process adapted to the
filtration of Xt(x) such that for any α ∈ Γc(T ∗xM), we have
d
(
Qt(x)//
−1
t α(Xt(x))
)
loc.m.
= Qt(x)//
−1
t (L− C )α(Xt(x))dt,
where
loc.m.
= denotes equality modulo differentials of local martingales.
Then there exists a strongly continuous semigroup P
(1)
t on L
2(T ∗M) such that
for any α ∈ L2(T ∗M),
P
(1)
t α(x) = E
[
1t<τ(x)Qt(x)//
−1
t α(Xt)(x)
]
,
and such that limt↓0 ddtP
(1)
t α = (L− C )α for any α ∈ Γc(TM).
For the proof, we need to consider a special class of Volterra operators. To this
end, we follow the arguments of [20, Section III.1]. Let B be a Banach space and
let L (B) be the space of all bounded operators on B with the strong operator
topology. Consider any strongly continuous semigroup R≥0 → L (B), t 7→ St and
let A : B → B be a bounded operator. We define the corresponding Volterra
operator V(S;A ) on continuous functions R≥0 → L (B), (t, α) 7→ Ftα by
(V(S;A )F )tα =
∫ t
0
St−rA Frαdr,
and introduce the operator T(S;A ) by
T(S;A )F =
∞∑
n=0
V(S;A )nF.
The operator T(S;A ) is well defined, and if St has generator (L,Dom(L)) then
S˜t := (T(S;A )S)t defines a strongly continuous semigroup with generator (L +
A ,Dom(L)).
Proof. By Lemma A.1 the operator L − C s is essentially self-adjoint. Let P st be
the corresponding semigroup on L2(T ∗M) with domain Doms = Dom(L − C s).
LetDn be an exhausting sequence ofM of relative compact domains, see e.g. [16,
Appendix B.1] for construction. Consider the Friedrichs extension (Λn,Dom(Λn))
of L − C s restricted to compactly supported forms on Dn and let P˜nt be the cor-
responding semigroup defined by the spectral theorem. Since the operators Λn are
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bounded from above by assumption, the semigroups P˜n are strongly continuous
by [20, Chapter II.3 c]. Define P st similarly with respect to the unique self-adjoint
extension of L − C s restricted to compactly supported forms. Let (Λ,Dom(Λ))
denote the generator of P st and note that for any compactly supported forms α,
we have that P˜nt α converge to P
s
t α in L
2(T ∗M), by e.g. [29, Chapter VIII.3.3].
Define Pnt = (T(P˜
n;A )P˜n)t and finally P
(1)
t = (T(P
s;C a)P s)t. These semi-
groups are strongly continuous with respective generators (Λn+C a,Dom(Λn)) and
(Λ + C a,Dom(Λ)). Furthermore, Pnt α converge to P
(1)
t α in L
2(TM) by [29, The-
orem IV.2.23 (c)].
For x ∈M , let τn(x) denote the first exist time for Xt(x) of the domain Dn. For
any form α with support in Dk, we have that for S > 0 and n ≥ k,
Nnt = Qt(x)//
−1
t (P
n
S−tα)|Xt(x)
is a bounded local martingale, giving us
Pnt α(x) = E
[
1t<τn(x)Qt(x)//
−1
t α(Xt(x))
]
.
Taking the limit, and using that Pnt converges to P
(1)
t , we obtain
P
(1)
t α(x) = E
[
1t<τ(x)Qt(x)//
−1
t α(Xt(x))
]
. 
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